AN UNCOUNTABLY INFINITE NUMBER OF 
INDECOMPOSABLE TOTALLY REFLEXIVE MODULES 



RYO TAKAHASHI 



Abstract. A few years ago, Huneke and Leuschke proved a theorem which 
solved a conjecture of Schreyer. It asserts that an excellent Cohen-Macaulay 
local ring of countable Cohen-Macaulay type which is complete or has uncount- 
able residue field has at most a one-dimensional singular locus. In this paper, 
it is verified that the assumption of the excellent property can be removed, 
and the theorem is considered over an arbitrary local ring. The main purpose 
of this paper is to prove that the existence of a certain prime ideal and a cer- 
tain totally reflexive module implies the existence of an uncountably infinite 
number of isomorphism classes of indecomposable totally reflexive modules. 



1. Introduction 

Throughout the present paper, we assume that all rings are commutative and 
noetherian, and that all modules are finitely generated. 

A Cohen-Macaulay local ring is said to be of finite (resp. countable) Cohen- 
Macaulay type if there exist only finitely (resp. countably) many isomorphism 
classes of indecomposable maximal Cohen-Macaulay modules. The property of 
finite Cohen-Macaulay type has been deeply studied for almost thirty years. The 
following theorem is a well-known result concerning this property; it was proved 
by Auslander [2] in the complete case, Leuschke and Wiegand in the excellent 
case, and Huneke and Leuschke ^ in the general case: 

Theorem 1.1 ( Auslander- Huneke-Leuschke- Wiegand). Let R be a Cohen- 
Macaulay local ring of finite Cohen-Macaulay type. Then R has at most an isolated 
singularity. 

It is obvious that a local ring R has an isolated singularity if and only if 
dimi?/p = for any p £ Singi?, where Singi? denotes the singular locus of R. 
Schreyer conjectured that the singular locus of a Cohen-Macaulay local ring of 
countable Cohen-Macaulay type consists of prime ideals of lower dimension: 

Conjecture 1.2 (Schreyer). Let R be an analytic Cohen-Macaulay local C-algebra 
of countable Cohen-Macaulay type. Then R has at most a one-dimensional singular 
locus, namely, dimi?/p < 1 for any p 6 Singi?. 

This conjecture was recently proved by Huneke and Leuschke tne y actually 
proved a stronger statement than Schreyer's conjecture: 
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Theorem 1.3 (Huneke-Leuschke). Let (R,m,k) be an excellent Cohen- Macaulay 
local ring of countable Cohen- Macaulay type. Suppose either that R is complete or 
that k is uncountable. Then dimi?/p < 1 for any p G Singi?. 

Actually, in the above theorem, the assumption that R is excellent is not neces- 
sary; we will show that in this paper. 

On the other hand, in the 1960s, Auslander pQ introduced a homological invariant 
for modules which is called Gorenstein dimension, or G-dimension for short. After 
that, he further developed the theory of G-dimension with Bridger |jJJ. Modules of 
G-dimension zero are called totally reflexive. Over a Gorenstein local ring, totally 
reflexive modules are the same as maximal Cohen-Macaulay modules. 

It is known that under a few assumptions, Gorenstein local rings of finite Cohen- 
Macaulay type are hypersurfaces |1U| . and such rings and all nonisomorphic inde- 
composable maximal Cohen-Macaulay modules over them have been classified com- 
pletely 0,0, [IBI- (See also [21] ■) Hence it is natural to ask whether there exists a 
non-Gorenstein local ring having only a finite number of isomorphism classes of in- 
decomposable totally reflexive modules. If such a ring exists, we want to determine 
all isomorphism classes of indecomposable totally reflexive modules. However, the 
author conjectures that such a ring cannot essentially exist: 

Conjecture 1.4. Let R be a non-Gorenstein local ring. Suppose that there is a 
nonfree totally reflexive i?-module. Then there are infinitely many isomorphism 
classes of indecomposable totally reflexive i?-modules. 

Here, the assumption of the existence of a nonfree totally reflexive module is 
essential because, for example, all totally reflexive modules are free over a Cohen- 
Macaulay non-Gorenstein local ring with minimal multiplicity |22|. The author 
proved that the above conjecture is true for any henselian local ring of depth at 
most two PB], |19| . He also proved recently that the conjecture is true for any 
henselian local ring having a nonfree cyclic totally reflexive module |2()j . 

In this paper, investigating the relationship between the number of totally re- 
flexive modules and the dimensions of prime ideals, we consider the number of 
isomorphism classes of indecomposable totally reflexive modules. The following 
result is (part of) the main theorem of this paper: 

Theorem. Let R be a local ring which is either complete or has uncountable residue 
field. Suppose that there is a prime ideal p of R with grade p > and dimi?/p > 1, 
and a totally reflexive R-module M such that M p is not Rp-free. Then there are 
uncountably many nonisomorphic indecomposable totally reflexive R-modules. 

In the next section, we will show Theorem 11.31 without the assumption that the 
base ring R is excellent. In the last section, we shall prove our main theorem, and 
show that it implies Theorem 1 1.31 for a Cohen-Macaulay local ring with a canonical 
module. We will also produce examples of rings over which there are an uncountably 
infinite number of nonisomorphic totally reflexive modules. 

2. On the theorem of Huneke and Leuschke 

Throughout this section, let R be a commutative and noetherian ring, and all 
i?-modules are considered to be finitely generated. 

In this section, we consider Theorem 1 1.31 which is due to Huneke and Leuschke. 
Refining their proof, we check that the theorem holds without assuming that the 
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base ring is excellent. As Huneke and Leuschke do, we also need the following 
lemma, which is what is called "countable prime avoidance" . For the details, we 
refer to ^3 Corollaries (2. 2), (2. 6)]. See also Lemma 3]. 

Lemma 2.1 (Countable Prime Avoidance). Let (R,m,k) be a local ring, and as- 
sume that R is complete or that k is an uncountable set. Let I be an ideal of R and 
{pijieN Ou family of prime ideals of R. If I ^ pi for any i G N, then I <£. lJ ieN pi. 

Recall that a subset T of Spec R is said to be stable under specialization provided 
that if p G T and q G Spec R with p C q then q G T. For a ring satisfying 
countable prime avoidance, any prime ideal in a countable set which is stable under 
specialization has dimension at most one: 

Lemma 2.2. Let (i?, m, k) be a local ring, and assume either that R is complete or 
that k is uncountable. Let T be a countable subset of Spec R which is stable under 
specialization. Then dimi?/p < 1 for any p G T. 

Proof. Since the maximal ideal m is not contained in every prime ideal p G T — {m} 
and T — {m} is a countable set, Lemma 12.11 implies that m is not contained in 
|Jp gT _| m | p. Hence we can choose an element / G m which is not contained in any 
P GT-{m}. 

We claim that the ideal p + (/) is m-primary for any p G T. Indeed, take a 
prime ideal q containing p + (/). As p belongs to T and is contained in q, the prime 
ideal q also belongs to T by the assumption that T is stable under specialization. 
Since / G q, the choice of / shows that q must coincide with m. Thus p + (/) is an 
m-primary ideal. We have = dim(i?/p + (/)) > dimi?/p — 1, hence dimi?/p < 1, 
which completes the proof of the lemma. □ 

We denote by mod R the category of finitely generated i?-modules. For a full 
subcategory X of modi?, we denote by indA" the set of isomorphism classes of 
i?-modules in X. For a Cohen-Macaulay local ring R, set CM(R) to be the full 
subcategory of modi? consisting of all maximal Cohen-Macaulay i?-modules. 

Let be the nth syzygy functor over R. (It is only well-defined up to free 
summands, but this is no restriction in the rest of the paper.) Put flu = fl 1 ^. Every 
prime ideal in the singular locus of a Cohen-Macaulay local ring is determined by 
two indecomposable maximal Cohen-Macaulay modules. 

Proposition 2.3. Let (i?, m, k) be a Cohen-Macaulay local ring. Then 

Singi? C { Ann Tori {X, Y)\X,Y G hid CM (i?) }. 

Proof. Fix a prime ideal p G Singi?. Set M = f^(i?/p) where d = dimi?. Note 
that M is a maximal Cohen-Macaulay i?-module. 

We claim that p = Ann Tori (M, M). In fact, the module Tori(M, M) is isomor- 
phic to Tori +2 d (i?/p, R/p), which is annihilated by p. Hence p C Ann Tori (M, M). 
On the other hand, there are isomorphisms Tori(M, M) p = Tori + 2d(i?/p, i?/p)p — 
Tor 1 _^ 2d (K(p), k(p)), where /t(p) denotes the residue field of i? p . Since the local ring 
i?p is not regular, the i? p -module re(p) has infinite projective dimension, and hence 
Torf_£ 2rf (re(p), re(p)) 7^ 0. It follows from this that p belongs to Supp Tori (M, M) , 
therefore p D Ann Tori (M, M). Thus we obtain p = Ann Tori (M, M). 

Let M — Mi © M2 © • ■ • © M n be an indecomposable decomposition. Each 
Mi is an indecomposable maximal Cohen-Macaulay i?-module. Then p = 
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Ann0 1 < iJ < n Ton(M i ,M 7 ) = fli<ij<„ Ann Ton (M,-, Af,-). Noting that p is a 
prime ideal, we easily see that p = Ann Tori (M Q , M},) for some integers a, b. □ 



Now, let us observe Theorem ll.3l Let R be a Cohen-Macaulay local ring which is 
either complete or has uncountable residue field, and suppose that R is of countable 
Cohen-Macaulay type. Then ind CM(R) is a countable set, and Proposition 12.31 
implies that so is the singular locus Singi?. Note that Singi? is stable under 
specialization. The theorem of Huneke and Leuschke is obtained from Lemma 12.21 
without the assumption that R is excellent: 

Theorem 2.4. Let (R,m,k) be a Cohen-Macaulay local ring of countable Cohen- 
Macaulay type. Suppose either that R is complete or that k is uncountable. Then 
dimi?/p < 1 for any p £ Singi?. 

Remark 2.5. Let R be an arbitrary ring. Let A be a set of nonisomorphic R- 
modules, and B the set of finite direct sums of i?-modules in A. Then it is elemen- 
tarily seen that the set A is countable if and only if so is B. Thus, in particular, the 
set of isomorphism classes of objects of a full subcategory X of mod R is countable 
if and only if so is the set of isomorphism classes of indecomposable objects of X . 
Hence, for the purpose of proving Theorem 12.41 the conclusion of Proposition 12.31 
is itself not necessary; Theorem 12.41 actually follows from the statement 



Throughout this section, R is always assumed to be a commutative noetherian 
ring. We also assume that all i?-modules are finitely generated. 

In this section we observe Theorem 12.41 from a more general viewpoint. To be 
precise, we shall consider countablity of the set of isomorphism classes of indecom- 
posable totally reflexive modules over an arbitrary local ring, and prove an analogue 
of Theorem l2.4l We begin with recalling the definitions of a semidualizing module 
and a totally reflexive module. 

Definition 3.1. (1) An i?-module C is called semidualizing if the natural homo- 
morphism R — ► Hom/?(C, C) is an isomorphism and Ext^(C, C) = for any i > 0. 
(2) Let C be a semidualizing i?-module. We say that an i?-module M is 
totally C-reflexive (or M has Gc-dimension zero) if the natural homomor- 
phism M — > Hom^(Hom^(M, C), C) is an isomorphism and Ext^ (M,C) — 
Ex4(Hom R (M, C), C) = for any i > 0. 

For a semidualizing R- module C, we denote by Qc{R) the full subcategory of 
mod R consisting of all totally C-reflexive i?-modules, and set 



(2) Any free R-module is totally C-reflexive for every semidualizing R-module 



Singi? C { Ann Tori (M, M) | M £ CM(R) }, 
which we obtained in the middle of the proof of Proposition ED 



3. Main theorem 




C. 
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(3) Let R be a Cohen- Macaulay local ring with a canonical module K . Then 

(i) K is a semidualizing R-module. 

(ii) An R-module is totally K -reflexive if and only if it is maximal Cohen- 
Macaulay. In other words, one has Qk{R) = CM(JZ). 

(iii) One has W K {R) = Sing R. 

Proof. The first and second statements immediately follow from definition. As for 
the third statement, the assertions (i) and (ii) are basic properties of a canonical 
module; see [5] Theorem 3.3.10] for example. 

Let us prove the assertion (iii). Fix a prime ideal p of R. If p is in Wk(R), 
then Mp is not i? p -free for some maximal Cohen-Macaulay i?-module M by (ii). 
Note that Mp is maximal Cohen-Macaulay over i? p , and that any maximal Cohen- 
Macaulay module over a regular local ring is free. Hence p belongs to Sing-R. 
Conversely, suppose that this is the case. Putting M = f2^(i?/p) where d = dimi?, 
we see that M is a maximal Cohen-Macaulay i?-module, and that Mp is isomorphic 
to the eith syzygy of the resudue field k(p) of i? p up to free summand. Since the 
local ring i? p is not regular, no syzygy of n(p) is free. Therefore M p is not a free 
i? p -module, that is, the prime ideal p belongs to Wk(R)- O 

A totally i?-reflexive -R-module is simply called totally reflexive (or G-dimension 
zero). We put Q{R) = Qr{R), W(R) = W R (R) and W°(R) = W%{R). 
For an i?-module M, let NF(M) denote the nonfree locus of M: 

NF(M) = { p £ Spec R | M p is not i? p -free }. 

This set is closed in Speci?, which is well-known to experts. 

Lemma 3.3. For any R-module M, one has 

NF(Af) = Supp Ext 1 (M, QM) = V(Ann Ext 1 (M, QM)). 

In particular, NF(_M) is a closed subset of Spec R. 

Proof. Lctp e Supp Ext 1 (M,QM). Then Ext^ p (M p , (QM) p ) = (Ext^(Af, QM)) P ^ 
0, and Mp is not i? p -free. Conversely, let p £ NF(M). There is an exact sequence 
o \ — > VtM — > F — > M — > of i?-modules, where F is free. Since M p is 
not i? p -free, the localization cr p : — > (ilM)p —> F p ^ Mp — » does not split. 
Hence cr p corresponds to a nonzero element of Ext^ (M p , (QM) P ), and we have 
Ext^ p (M p , (flM)p) ^ 0. Therefore p is in SuppExt x (M, OM). □ 

The following result will play a key role in the rest of this paper. 
Lemma 3.4. For any p £ Wq{R) there exists M £ Qc{R) suc h that 

NF(M) = V{p). 

Proof. Fix a prime ideal p in Wq{R). By definition there exists M £ Gc{R) such 
that Mp is not i? p -free, i.e., p £ NF(M). Noting that NF(Af) is stable under 
specialization, we see that NF(M) contains V(p). If NF(Af) coincides with V(p), 
then there is nothing to prove. Hence let us assume that NF(M) strictly contains 
V(p), and take a prime ideal q £ NF(M) — V(p). The prime ideal p is contained 
neither in q nor in any *}3 £ Ass R since p has positive grade. Hence we can choose 
an i?-regular element x in p — q. The isomorphism R = Hom(C, C) shows that 
Assi? = AssC, which implies that the element x is C-regular. Hence there is an 
exact sequence — > C A C, and applying the functor Hom(Hom(M, C), — ) to this, 
we see that x is also M-regular. Put N = Qr(AI/xM). 
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Claim 1. The R-module N belongs to Gc(R)- 

Proof of Claim. We have two exact sequences -v M A M -> M/xM -> and 
— > A~ — > F — > M/xM — > 0, where i* 1 is a free i?-module. From these sequences 
we make the following pullback diagram: 





N = N 

1 I 

► M > P ► F > 



> M — ^— > M > M/iM > 





Since the middle row splits, P is isomorphic to M©F, and we get an exact sequence 

0^N^M®F-+M^0. 
As both M and F belong to Q C {R), so does TV by g] Theorem 2.1(1)]. □ 
Claim 2. One has NF(M) D NF{N) D V(p). 

Proof of Claim. First of all, we notice that N v (resp. N q ) is isomorphic to 
Qr p (Mp/xMp) (resp. f2# q (M q /xM q )) up to i? p -free (resp. i? q -free) summand. 
Since x is not in q, we have xM q = M q and N q is i? q -free, i.e., q ^ NF(AT). Re- 
call that q £ NF(M). Hence, in particular, the set NF(M) does not coincide with 
NF(AT). 

Suppose that N p is i? p -free. Then the i? p -module M p /xM p has projective dimen- 
sion at most one. Since x is in p and is M-regular, x is Mp-regular as an element 
of Rp. Hence we have pd^ Mp/xM v = pd fip Mp + 1, and see that M p is i? p -free. 
This is a contradiction, which shows that N p is not i? p -free, namely, p <G NF(AT). 
Thus we obtain V(p) C NF(A r ). 

It remains to prove that NF(M) contains NF(AT). Let «p £ NF(AT). Then 
&Rm (My / xMrp) is a nonfree i?<p-module. Hence x must belong to Assume that 
?P does not belong to NF(M). Then A/sp is a free i?tp-module. Noting that x is 
an i?<p-regular element, we easily see that £Ir v (M^/xM<p) is i?tp-free, and get a 
contradiction. It follows that *p belongs to NF(M), as desired. □ 

If NF(Af) strictly contains V(p), then in a similar way as above we can obtain 
N' G Gc{R) such that NF(AT) D NF(N') D V(p). Iterating this procedure yields a 
strict descending chain 

NF(M) 2 NF(AT) D NF(AT') D • • • 

of closed subsets of Spec R (see Lemma 13. 311 . Since Spec R is a noetherian space, 
we cannot iterate the procedure infinitely many times. Therefore there exists L £ 
Gc{R) such that NF(L) coincides with V(p). □ 
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Making use of Lemma 13.41 we can represent each prime ideal in W&(R) by two 
indecomposable totally C-refiexive i?-modules. 



Proposition 3.5. Wg(i?) C I J Ann Ext 1 (X, Y) 



X,Y €mdQ c (R) 



Proof. Let p G Wq (R) . According to Lemma 13.41 there is an i?-module M in 



Gc(R) with NF(M) = V(p). By Lemma Q we have p = y 7 Ann Ext 1 (M, fiM). 
Decompose M and JIM into indecomposable i?-modules: 




• X, 



nt 

y 

1 m. ■ 



Here each Xi and each Yj belong to 'mdGc(R)- Hence 



p= Ann Ext 1 {Xi,Yj)= f] y/ Ann Ext 1 (Xi ,Yj). 

y l<i<n,l<j<7n Ki<»i,l<j<m 



Since p is a prime ideal, we conclude that p = y Ann Ext 1 (J? , Yf,) for some integers 
a, 6. This proves the proposition. □ 

Now, we have reached the stage to accomplish our aim in this section; the fol- 
lowing theorem is our main result. 

Theorem 3.6. Let (R,m, k) be a local ring, and assume either that R is complete 
or that k is uncountable. Let C be a semidualizing R-module such that ind^c(-R) 
is a countable set. Then the following hold. 

(1) One has dimi?/p < 1 for any p <E Wq(R). 

(2) If R satisfies Serre's (Si) -condition, one has dimi?/p < 1 for any p € 
Wc(R). 

Proof. First of all, note that both Wc(R) and W^(R) are stable under specializa- 
tion. Since ind <5c(i?) is countable, Proposition ^ . 51 shows that so is the set Wq(R). 
It follows from Lemma f2. 21 that dimi?/p < 1 for any p £ W^(R). This proves the 
first assertion of the theorem. As to the second assertion, notice that R satisfies 
(Si) if and only if all the prime ideals of R of grade zero are minimal primes. Hence, 
if this is the case, then Wc(R) is contained in the union set Wq(R) UMini?, which 
is countable because the set Mini? is finite. Thus Wc(R) is also countable, and 
Lemma l2~2l implies that dimi?/p < 1 for any p £ Wc(R). □ 

The above theorem shows Theorem 12. 41 in the case where the base ring admits a 
canonical module: 

Corollary 3.7. Let (R,m,k) be a Cohen- Macaulay local ring of countable Cohen- 
Macaulay type with a canonical module K . Suppose either that R is complete or 
that k is uncountable. Then dimi?/p < I for any p G Singi?. 

Proof. Since R is Cohen-Macaulay, R satisfies (5*1). It is seen by the assumption 
and Proposition l3. 2( 3) fn) that indfe(i?) is a countable set. By virtue of Theorem 
I3.6f 2) and Proposition 13. 2f 3lfhTh we get the conclusion of the corollary. □ 
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4. Examples 

We end this paper by giving several examples of rings having an uncountably 
infinite number of nonisomorphic indecomposable totally reflexive modules. 

Example 4.1. Let 

R = k[[x, y, z, w]]/(x 2 ,yz, yw) 

where k is an arbitrary field. Then R is a complete local ring of dimension two 
and depth one. In particular, R is not Cohen-Macaulay. Since (x 2 ,yz,yw) = 
(x 2 ,y) l~l (x 2 , z, w) in k[[x, y, z, w]], the associated primes of R are p = (x, y)R and 
q = (x,z,w)R, both of which are minimal. Hence Assi? = Mini?, equivalently, R 
satisfies (Si). There is an exact sequence 

■ •• — y R — > R — > ■ ■ ■ 

whose i?-dual sequence is exact. Therefore M := R/xR is a totally reflexive R- 
module. It is easy to see that M p is not i? p -free, hence p £ W(R). Since dimi?/p = 
2, we see by the second assertion of Theorem 13.61 that ind Q(R) is an uncountable 
set. 

Example 4.2. Let (S, n) be a complete local ring of positive depth, and let 

R = S[[x,y,z]]/(x 2 ). 

Then the Gorenstein property or the Cohen-Macaulay property of R is equivalent 
to that of S. Set p = nR + xR. This is a prime ideal of R and dimi?/p = 2. Since S 
has positive depth, there is an S'-regular element / en. Noting that R is faithfully 
flat over S, we see that / is also i?-regular and p has positive grade because it 
contains /. Put M = R/xR. We see that M is a totally reflexive i?-module and 
that M p is a nonfree i? p -module. Hence p £ W°(R), and therefore it follows from 
the first assertion of Theorem 13 . 61 that ind G(R) is an uncountable set. 

Example 4.3. Let S be a complete local domain which is not a field, and let 

R = S[[x,y,z]]/(x 2 ). 

Then Example 14.21 guarantees that there exist an uncountably infinite number of 
isomorphism classes of indecomposable totally reflexive i?-modules. In the follow- 
ing, let us actually construct such modules. 

Set M = R/xR and p = (a;, y)R- The i?-module M is totally reflexive and p is a 
prime ideal of R such that dim R/p = dim 5+1 > 2. Since y is an i?-regular element, 
p has positive grade. The i? p -module M p is nonfree. For an element / £ S[[z]] C R, 
put p f = [x,y— zf)R. Then p f is a prime ideal of R and p f = VL R (M/(y - zf)M). 
Since y — zf is an i?-regular element, the proof of Claim [2 in the proof of Lemma 
13.41 shows that pf is a totally reflexive R- module. 

Claim 1. p^ is indecomposable as an R-module. 

Proof of Claim. Set T = S[[x, y, z]] and denote by Wl the maximal ideal of T. 
Assume that p^ is decomposable, and write p-' = aR © f3R for some a, (3 € T. 
Then we have (x,y — zf)R = [a,j3)R. Denote by t the residue class of t £ T in 
R = T/x 2 T. The elements x,y — zf are part of a minimal system of generators 
of the maximal ideal m of R, hence so are a, (3. Therefore a, (3 £ m — m 2 , which 
implies that a, £ M - M 2 . We have a(3 £ aR H (3R = 0, namely a(3 £ x 2 T. 
Noting that xT is a prime ideal of T, we get either a £ xT or (3 £ xT. We may 
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assume a £ xT, and write a = ary for some 7 £ T. Since x £ 971 and a ^ 9J1 2 , the 
element 7 is a unit of T, and we obtain f3 £ xT since a/3 £ x 2 T. However, we then 
have y — zf £ p? = (a, (3)R C xR, which is a contradiction. □ 

Claim 2. NF(p') = V(p f ). 

Proof of Claim. For any prime ideal q not containing pf , one has (p-Oq = i? q . This 
shows that V(pf) contains NF(p^). On the other hand, we easily see that R p f is 
not a regular local ring. Hence (p* )„/ = p^ R p f is not i? p /-free, which implies that 
pf belongs to NF(p^). Since NF(p^) is stable under specialization, the set NF(p^) 
contains V(pf ). □ 

Claim 3. The condition pf = p 9 implies f = g. 

Proof of Claim. For an element h £ S[[z]], we define a homomorphism 

<j> h : R/p h - S[[z}} 

by <j> h (y) — zh, 4> h (z) = z and <f> h (s) = s for any s € S. Here, for r £ R,r denotes 
the residue class of r in R/p* . Then it is easily seen that (f> is an isomorphism. 

Now, suppose that p-^ = p 9 . Let $ : S[[z]) — >• S[[z]) be the composite map 
(f> 9 ■ {(pf )^ 1 . Then we notice that this map $ is an identity map since it sends z and 
each s e S to themselves. Noting that Q(zf) = zg, we see that / = g. □ 

It follows from Claims |2] and that for f,g £ S one has / = g if and only if 
pf = p 9 , if and only if V(p f ) = V(p 9 ), if and only if NF(p- f ) = NF(p»). Hence we 
see by Claim ^ that for any two distinct elements f,g £ S the prime ideals p^ and 
p 9 of R are indecomposable totally reflexive i?-modules which are not isomorphic 
to each other. In other words, the map from S[[z]] to the set of nonisomorphic 
indecomposable totally reflexive -R-modules which sends / to p^ is injective. Since 
S[[z]] is an uncountable set, so is the set {p^}/es[[ 2 ]i- Thus we obtain uncountably 
many nonisomorphic totally reflexive i?-modules. 
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